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Abstract— This paper introduces the notion of an Input
Constrained Control Barrier Function (ICCBF), as a method to
synthesize safety-critical controllers for nonlinear control-affine
systems with input constraints. The method identifies a subset
of the safe set of states, and constructs a controller to render the
subset forward invariant. The feedback controller is represented
as the solution to a quadratic program, which can be solved
efficiently for real-time implementation. Furthermore, we show
that ICCBFs are a generalization of Higher Order Control
Barrier Functions, and thus are applicable to systems of non-
uniform relative degree. Simulation results are presented for the
adaptive cruise control problem, and a spacecraft rendezvous
problem.

I. INTRODUCTION

Many cyber-physical systems are safety critical, that is,
they require guarantees that safety constraints are not vio-
lated during operation. Safety is often modeled by defining a
safe subset of the state space for a given system, within which
the state trajectories must evolve. Recently, set-theoretic
methods, such as Control Barrier Functions (CBFs) have
become increasingly popular as a means of constructing and
verifying such controllers [1]-[4].

Prior work on CBFs has largely focused on systems where
a sufficiently large control authority is available to ensure
forward invariance of the safe set. However in the presence
of input constraints, only a subset of the safe set may be
rendered forward invariant, which we term the inner safe set.
A few methods have been proposed to find the inner safe set.
These include reachability analysis by solving a Hamilton-
Jacobi equations [3], [5] and Sum-of-Squares (SOS), which
employ the positivstellensatz theorem to provide a certificate
of safety [6], [7]. Both methods scale poorly with the
dimension of the state-space. Some methods have also been
proposed for specific classes of systems, e.g. Euler-Lagrange
systems [8] or mechanical systems in a manifold [9].

In this paper, we introduce the notion of an Input Con-
strained Control Barrier Function (ICCBF). We show that an
ICCBF guarantees that an input constrained controller can
render the super-level set of the ICCBF forward invariant.
Furthermore, we show that ICCBFs represent a general-
ization of Higher Order CBFs (HOCBFs) [10], enabling
synthesis of input-constrained controllers for safety functions
of non-uniform relative degree. Finally, the method is applied
to an adaptive cruise control problem [11], and a spacecraft
rendezvous problem, demonstrating that ICCBFs define a
safe controller that respects input constraints.
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S: Safe Set C; Co ... C*: Inner Safe Set

Fig. 1. Visual representation of ICCBF method. The safe set S and two
intermediate sets C; and Co are drawn. The final inner safe set C* is the
intersection of each of these sets, and can be rendered forward invariant.

II. PROBLEM FORMULATION AND PRELIMINARIES

Notation: We denote the set of real numbers R and non-
negative reals R.. A continuous function « : [0, a) — [0, c0)
is class-KC if it is strictly increasing, and «(0) = 0. The Lie
derivative of h(z) along f(z) is denoted Lsh(z) = 92 f(x).
Int(C) and OC denote the interior and boundary of a set C.

A. Problem Setup

Consider a nonlinear, control-affine dynamical system,
with state x € X C R™ and control input v € Y C R™

&= f(z) +g(x)u, (1)

where f: X — R", g : X — R™*"™ are sufficiently smooth,
as will be discussed in III-B. We assume these functions are
known, and the system state is measured exactly. Under a
Lipschitz continuous feedback law u = w(z), the closed-
loop system is

&= f(x) + g(x)m(z). 2)

We define a state x as safe, if it lies in a set S, the
O-superlevel set of a continuously differentiable function
h: X —R:

S2{xeX:h(z)>0} 3)
0S £ {x e X : h(z) =0} 4)
Int(S) = {z € X : h(z) > 0} 5)

The set S is referred to as the safe set. We assume this set
is closed, non-empty and simply connected.

Definition 1. A set S is rendered forward invariant by a
feedback controller m : & — U, if for the closed-loop
system (2), x(0) € S implies x(t) € S for all t > 0.
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Due to input constraints however, there may not exist
a controller which renders the safe set forward invariant
(Example 1). We propose the definition of an inner safe set.

Definition 2. A non-empty closed set C* is an inner safe set
of the safe set S for the dynamical system (1), if C* C S
and there exists a feedback controller w: C* — U such that
C* is rendered forward invariant by T.

Example 1. Consider the following scalar dynamical system
with input and safety constraints:

t=z4+u, U=[-1,1], S={reR:zx<2}

ie. h(x) = 2 — z. Now consider the boundary state
r=2¢€S. Since

h=-2—u = BS—IVuELL

i.e., all closed-loop trajectories starting at 2(0) = 2 leave the
safe set. Thus S cannot be rendered forward invariant. The
set C* = {x : < 1} is an inner safe set. A

Now, we can state the main objective of this paper:

Problem 1. Given the system (1), find a closed set C* C S
and a feedback controller m : C* — U, such that for
any x(0) € C*, the closed-loop trajectories of (2) satisfy
x(t) € C* for all t > 0.

In words, the objective is to find a subset of the safe
set, and a corresponding feedback controller that renders the
subset forward invariant.

B. Set Invariance

Nagumo’s theorem provides a necessary and sufficient
condition for the forward invariance of a set S. In this work,
Nagumo’s theorem simplifies to:

Lemma 1. Consider the system (1). Let the set S be defined
by a continuously differentiable function h : X — R, as per
(3-5). Consider a Lipschitz continuous feedback controller
m: S — U, such that for any initial condition x(0) € S,
the closed-loop system (2) admits a globally unique solution.
Then set S is forward invariant if and only if

Lyh(z) + Lyh(z)n(z) > 0, Va € dS. (6)

In [1], [2], a stronger notion of the control barrier function
is introduced:

Definition 3 (Control Barrier Function [1]). Let
S C X C R™ be the superlevel set of a continuously
differentiable function h : X — R. h is a Control Barrier
Function (CBF) if there exists an extended class-Ko
function « such that for the control system (1):

sup(Lyh(a) + Lyh(z)u) > ~a(h(x) (D

forall x € X.

Lemma 2 ( [1], Theorem 2). Let S C R" be a set defined
as the superlevel set of a continuously differentiable function
h:X CR" - R. Ifhisa CBF on X, and dh/dx(x) # 0

for all x € OC, then any Lipschitz continuous controller
m(x) € Kegr, where

Kegr(xz) ={u e U : Lyh(z) + Lgh(z)u + a(h(z)) > Oié)

for the control system (2), renders the set S safe.

In this paper, we focus on cases where h(x) defining the
safe set S is not a valid control barrier function.

III. INPUT CONSTRAINED CONTROL BARRIER
FUNCTIONS

In this section we define Input Constrained Control Barrier
Functions (ICCBFs). To aid the reader, first the method is
explained conceptually, and formal definitions are presented
second.

A. Motivation

Suppose the safe set S associated with h cannot be
rendered forward invariant by any feedback controller 7(x),
since there exist some states where it would require u & U
to render safe. We wish to remove these states from S. We
define a function b; : X — R and a set C; (visualized in
Figure 1) as follows

bi(z) = inf [Lrh(z) + Lgh(z)u+ ao(h(z))] O
C = {z € X :b(zx) >0} (10)

where aq is some user specified class-K function. Since an
infimum over I/ is taken, b; only depends on z, and not u.

The set C; has a useful property: Suppose there exists a
point z € dS and = € Cy, i.e., h(z) = 0 and by(z) > 0.
Then, from (9),

r€e€ISNC = ig{l[th(x) + Lgh(z)u] >0 (11)

= Lsh(z)+ Lgh(z)u >0, Yu e U. (12)

Thus the closed-loop trajectory cannot leave S through z.
Notice that if there exists a Lipschitz continuous controller
7 which renders C; forward invariant, it is immediate S NCq
is also forward invariant: any x(t) that reaches the boundary
0S must lie in C; (by assumption on 7), and thus by (12),
z(t) also cannot leave S.

The problem now is to find the controller that renders C;
forward invariant. If this cannot be done, the steps can be
repeated: define bo(x) = inf,ey[by(z,u) + a1 (by(z))] and
Co = {x € X : ba(x) > 0}. Now any controller that renders
Co forward invariant also renders C; N Cy forward invariant,
and therefore the set C* = SNC1NC is also forward invariant
by the same controller. This idea is formalized in the next
subsection.

B. ICCBFs

Consider the dynamical system (1) with bounded control
inputs v € U and a safe set S defined by a function
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h: X — R, as per (3-5). We define the following sequence
of functions:

bo(x) = h(z)
bi(z) = inf [Lrbo(z) + Lgbo(2)u + ao(bo(x))]

(13a)
(13b)

bN(CL‘) = in

Inf [Lpby—1(2) + Lgby-1(2)u + an-1(bn-1(2))],

(13¢)

where each «; is a class-XC function, and N is a positive
integer. We assume the functions f,g,h are sufficiently
smooth suqh that by and its derivative are defined. The time
derivative b; = Lyb;(x) + Lgb;(x)u is still affine in u. Next,
we define a family of sets,

Co={zeX:bzx)>0}=8 (14a)
Ci={reX: b(zx)>0} (14b)
Cn ={z € X :by(z) >0} (14¢)

The intersection of these sets is C*, assumed closed, non-
empty and without isolated points:

C*=CinCiN..NCn. (15)

Definition 4. For the dynamical system (2) with safe
set S and continuously differentiable class-KC functions
g, ---, AN _1, If there exists a class-IC function o such that
sup[Lsbn(z) + Lybn (z)u + an(bn(z))] > 0 Vo € C*,
ueU
(16)

then by is an Input Constrained Control Barrier Function
(ICCBF).

Note, this does not require by to be a CBF on Cp. The
definition only requires condition (16) to hold for z € C*, a
subset of Cy.

Theorem 1 (Main Result). Given the input constrained
dynamical system (1), if by is an ICCBF, then any Lip-
schitz continuous controller C* — U such that
m(x) € Kicepr(x), where
KICCBF(*T) = {U eU:
Lyby (@) + Lyby (@)u > —an (by(2))}

renders the set C* C S (15) forward invariant.

a7

Proof. Since w is a Lipschitz continuous controller, the
closed-loop system (2) is also Lipschitz continuous. To show
forward invariance of C*, we use Nagumo’s theorem on the
closed-loop system. In particular, we show that

S C*,ﬂ(a?) S KICCBF(]:) and bz(.r) =0

— @) + gl)n(a)] 20

We show (18) holds for each i € Z(z) = {i : bi(z) = 0}:

(18)

Cases i € {0,...,N — 1}: Consider any € C* N 9C;.
Since C* C Ci—i—l’ r € 0C; ﬁCiH. By (13, 14),

inzg[Lfbl-(x) + Lgb;(x)u] >0
s

S Lypbi(x) + Lgbi(z)u >0, Yueld (19)

and since 7(z) € Kiccpr(z) C U, (18) is satisfied.
Case i = N: Consider x € C* N OCy. Since by is an
ICCBF and by (z) = 0, by (l4c, 17),

thus satisfying (18).

In conclusion, we have shown that condition (18) is
satisfied for all ¢ € Z(z), and therefore the conditions of
Nagumo’s theorem are satisfied, completing the proof. [l

Remark 1. The practical value of this construction is that
for a given system, a set S of safe states of practical
importance can be specified, which may not be rendered
forward invariant under the given system dynamics. By
using ICCBFs, we remove some states from the set S, and
construct an inner set for which we can find a controller that
renders it forward invariant.

Remark 2. A quadratic program based feedback con-
troller can be used for polytopic input constraints,
U={u:Pu<qg}

7(x) = argmin u” u
subject to Lbe(LZJ) + Lng(:c)u > 70&1\/([)]\7(1’))
Pu < q,

provided suitable regularity conditions hold, for instance
Lng(x) is linearly independent of the rows of P [12], [13].
Note, this QP is always guaranteed to be feasible.

We would like to note a useful special case, the simple
ICCBF:

Definition 5. In the above construction, if C* is a strict
subset of Cy;, i.e., C* C Cp, then by is a simple ICCBF.

Theorem 2. For the dynamical system (1), if by is a simple
ICCBE, all Lipschitz continuous controllers w : C* — U
render the set C* forward invariant.

Proof. By definition, since by is a simple ICCBF, C* is a
strict subset of C. Then C* N OCxn = 0, the null set, i.e.,
there does not exist a z € C* such that by (z) = 0. Following
Theorem 1, we do not need to consider case where ¢ = N in
condition (18). The remaining cases, with ¢ € {0, ..., N —1}
satisfy condition (18) for all w(x) € U. Therefore, any
Lipschitz continuous 7 : C* — U/ admits globally unique so-
lutions and satisfies condition (18), completing the proof. [

Intuitively, the existence of a simple ICCBF represents a
system where the dynamics at the boundaries of C* are such
that the unforced dynamics f(z) dominate the forcing term
g(x)m(z) in driving the system towards safety. If a simple
ICCBEF is found, no safety critical controller is needed for
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the system to ensure state trajectories remain within the safe
set, provided the system is initialized within C*.

Remark 3. Higher Order CBFs, as in [10], are a special
case of ICCBFs. For instance, in systems of relative degree
2, Lyh(z) = 0 for all z € S. In this case, in the construction
of ICCBFs we have

bi(z) = ig{[th(x) + Lyh(z)u + ag(h(x))]

= inf [L} h

inf [Lsh(z) + ao(h())]

= Lyh(z) + ao(h(z))
which is exactly the function defined in [10]. This repeats
for higher relative degrees. For a system with relative degree
p, the first p expressions of ICCBFs are identical to those of
HOCBFs. Moreover, ICCBFs can handle systems with non-

uniform relative degree, by choosing N greater or equal to
the largest relative degree of the system in S.

21

Remark 4. The search (over integers /N and class-K func-
tions «;) and validation for ICCBFs (i.e., verifying (16))
can be complicated, as is the case with Lyapunov functions
in general. For practical implementation, we can solve the
following optimization problem:

v = minircnize SUp, ey [on (1) + an (b (z))]
zeC*

(22)
By the definition, by is an ICCBF if and only if the
optimization problem is feasible, with solution v > 0. Since
this optimization is nonlinear, unless a guaranteed global
optimizer is used, this can only be used to invalidate by
as a ICCBF. For our experiments, we manually checked a
few (approx. 6) N and «; until v > 0. Whether a finite
N exists for a given dynamical system such that by is an
ICCBF remains an open question.

IV. SIMULATIONS
A. Adaptive Cruise Control

As a demonstration, we apply ICCBFs to the Adaptive
Cruise Control (ACC) problem of [11]. Consider a point-
mass model of a vehicle moving in a straight line. The
vehicle is following a vehicle d distance in-front, moving
at a known constant speed vg. The objective is to design
a controller to accelerate to the speed limit but prevent the
vehicles from colliding.

As in [11], the safety constraint is specified as d > 1.8v.
Defining the state z = [d, v]T, the dynamical model is

m - {—;9(;)7”1] + {gﬂ u, U ={u: |u|<0.25}

where u is the control input, F'(v) = fo+ fiv+ fov? models
resistive forces on the vehicle, m is the mass of the vehicle,
go is acceleration due to the gravity. The safe set S is

S={reX:h(x)=121— 18z >0}

and we can verify that S is not forward invariant under the
input constraints. Thus, h is not a CBF, and we will apply
ICCBFs to find an inner safe set.

We choose, arbitrarily, N = 2 and the class-XC functions

ag(h) =4h, a1(h) = 7Vh, as(h) = 2h,

to define the functions by, by and sets Cy,Cs. To (approx-
imately) verify that by is an ICCBF, the optimization (22)
was used, and v = 2.33 was found.

The sets are visualized in Figure 2. The interior of a set
is shaded, and the boundary of the set is indicated with a
thick line. Where there exists a feasible control input to keep
trajectories within the set, the line is solid, and where no
feasible control input will keep trajectories within the set, the
line is dashed. C*, the intersection of S, Cq,Cs, is visualized
in Figure 2(d). The following controller is used:

m(z) = argmin  }(u — mq())?
u€R

subject to L yba(x) + Lgba(x)u > —2by(x)
uecl

where 7q(x) is the desired acceleration. The desired accel-
eration is computed using the Control Lyapunov Function
V(z) = (72 — Vimaz)?, Where vp,4, = 24 is the speed limit.
Thus, 74(x):

LV (z)+ L,V (z)ma(x) = —10V (x)
We compare our controller to the CLF-CBF-QP [11]:

argmin  1u® 4 0.162
u€ER,0ER
subject to  L;V(z) + L,V (z) < —-10V(x) + ¢

Lih(z) + Lgh(x)u > —2h(x)

and clip of the solutions of the QP such that u*(z) lies in
the range of feasible control inputs.

In Figures 2 (e-g), the proposed controller (green) is
compared to the CLF-CBF-QP controller (blue). The CLF-
CBF-QP reaches the input-constraint at ¢ = 5.9 seconds.
The input limits force the system to leave the safe set. The
ICCBF-QP remains feasible and safe for the entire duration,
by applying brakes early, at ¢ = 2.9 seconds, instead of
t = 5.0 seconds. Thus, by explicitly accounting for input
constraints ICCBF-QP controller keeps the input-constrained
system safe, where the CLF-CBF-QP doesn’t.

B. Autonomous Rendezvous

In this section, the ICCBF method is applied to an
autonomous rendezvous operation (adapted from [14]) be-
tween a chaser spacecraft modelled as a point mass, and
a target body, e.g. the International Space Station (ISS)
(Figure 3). The target is modelled as a point on a disk
of radius p = 2.4 m rotating with a constant angular
velocity w = 0.6°/sec relative to the Local-Vertical Local-
Horizontal (LVLH) frame. The objective is to determine the
appropriate propulsive forces to bring the chaser spacecraft
from a range of 100 m to 3 m. The safety constraint is to
maintain a line-of-sight (LOS) constraint: the spacecraft’s
position must remain within a v = 10° cone of the docking
axis. The system state x € R is the relative position (p,, p,)
and velocity (v, v,) and angle of the docking port ¢. Instead
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Fig. 2. Figures (a-d): State-space diagrams indicating the sets (a) S, (b) C1, (c) C2 and (d) C*. The horizontal dashed line in (a) indicates vg, the speed
of the car in-front. Figure (d) represents the inner safe set C* that is rendered forward invariant. Figures (e-g): Simulation results for speed, control input
and safety under the CLF-CBF-QP controller [11] and the ICCBF-QP.
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Fig. 3. (a, b) Schematic of the rendezvous problem. (a) represents the Local-Vertical Local-Horizontal frame. (b) details the target and chaser spacecrafts.

The target spacecraft is rotating with constant angular velocity w. The red dashed lines indicate the Line-of-Sight cone, which the chaser spacecraft must
remain within. (c-e) show snapshots of the trajectory at three instances. The green dot represents the initial condition. (f) shows the 1-norm of the propulsive
force and (g) indicates the line of sight angle 6.
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of using the (linearized) Clohessy-Wiltshire equations (as in
[14]), we use the exact equations of relative motion':

Pz Vz 0
Dy Yy 0
% g | = |n%pe + 200, + B — HERe) Jri Uy
vy n2py — 2nv, — urz%y Me Uy
(0 w 0
(23)
where r. = +/x%2+y? is the relative distance to the

chaser, r = 6771 km is the radius of orbit of the ISS,
u = 398,600 km®/s? is the gravitational parameter of Earth,
n = 4/p/r3 is the mean motion of the target satellite around
the Earth, w = 0.6°/s is the angular velocity of the target
relative to the LVLH frame, and m. = 1000 kg is the mass of
the chaser vehicle, assumed constant during the rendezvous.
The control inputs (ug,u,) are the propulsive forces. Sup-
pose the forces are 1-norm bounded, |u|+|u,|< 0.25 kN.
The LOS constraint is h(z) > 0, where

h(xz) = cos — cosy
Te—p - €
—TerC cos(y),
|[7e—pl|
and 7._, = [(px — pcostp), (p, — psine)]T is the posi-
tion vector of the chaser relative to the docking port, and
é = [costp,sinep]T is the docking axis vector. We use a

CLF to guide the chase to the the docking port:

Dz — pCOSY 2 Dy — pSingy 2
- i Y
V(r) = (vm + 10 ) + (vy + 10 ) .

To construct the ICCBF, again N = 2 was chosen. The
following class-/C functions were used:

ao(h) = 0.25h, ay(h) = 0.85h, as(h) = (0.05+ k)h

where k£ > 0 is a parameter we allow the Quadratic Program
to minimize, as in [4], and verified approximately. Thus, the
controller u* is the solution to u in the following quadratic
optimization problem

argmin $(u2 +u2) + 108 + 50k
uw€ER2;6,kER Y

subject to LV (x)+ LV (z)u < —0.1V(x) 4+ 0
Lyba(x) + Loba(a)u > —(0.05 + k)by ()

[tz |+]uy| < 0.25

Figure 3(c-g) show simulation results of the rendezvous
operation. The chaser is initialized at (100, -10) meters from
the target spacecraft, and follows the trajectories drawn in
(c-e), demonstrating a successful transfer. The 1-norm of the
computed thrust force is indicated in (f), and (g) shows that
the LOS constraint is satisfied at all times during the transfer.
3D animations, videos and source code for both case studies
are available at [15].

In this work, only gravitational forces due to the Earth and propulsive
forces are modelled, but other non-linear effects like solar radiation pressure
or air resistance can also be included.

V. CONCLUSION

In this paper, we have presented a framework that allows
input constraints to be explicitly included in the construction
of control barrier functions and to guarantee that safety is
maintained with an input-constrained controller. The con-
struction identifies an inner safe set and a feedback controller
to render the subset safe. We demonstrated the method on
an adaptive cruise control problem and a spacecraft ren-
dezvous problem. An optimization based method was used
to verify the conditions of the ICCBF. Directions for future
work include investigating numerically efficient methods
to automate the search of ICCBFs, and to compare the
complexity with other reachability methods, in particular for
systems with high-dimensional states. Finally, the robustness
of this controller to noise and model mismatch could also be
investigated.
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